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Abstract 

For a graph G and a tree-decomposition (T, B) of G, the chromatic 
number of (T, B) is the maximum of x(G[Sl), taken over all bags B £ B. 
The tree-chromatic number of G is the minimum chromatic number of 
all tree-decompositions (T, B) of G. The path-chromatic number of G is 
defined analogously. In this paper, we introduce an operation that always 
increases the path-chromatic number of a graph. As an easy corollary 
of our construction, we obtain an infinite family of graphs whose path- 
chromatic number and tree-chromatic number are different. This settles 
a question of Seymour . Our results also imply that the path-chromatic 
numbers of the Mycielski graphs are unbounded. 


1 Introduction 

A tree-decomposition of a graph G is a pair {T,B) where T is a tree and B := 
{Bt \ t £ V(T)} is a. collection of subsets of vertices of G satisfying: 
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• V{G) — Utey(T) 

• for each uv G E{G), there exists t G V{T) such that u,v G Bt, and 

• for each v G V{G), the set of all w G V{T) such that v G Byj induces a 
connected subtree of T. 

We call each member of yB a bag. If T is a path, then we say a tree-decomposition 
(T, B) of G is a path-decomposition of G. Since a path can be written as a 
sequence of vertices, we think of a path-decomposition of G as a sequence of 
sets of vertices Bi, B 2 , ■ ■ ■, B^ such that 

• ViG) = U^<t<sBu 

• for each uv G E{G), there exists 1 < t < s such that u,v £ Bt, and 

• for each v £ V (G), the sets Bi containing v are consecutive in the sequence. 

For a tree-decomposition (T, B) of G, the chromatic number of (T, B) is 
max{x(G[i?t]) | t £ V{T)}. The tree-chromatic number of G, denoted Xr(G), is 
the minimum chromatic number taken over all tree-decompositions of G. The 
path-chromatic number of G, denoted XpiEr), is defined analogously, where we 
insist that T is a path instead of an arbitrary tree. Both these parameters were 
introduced by Seymour [5]. Evidently, xt{G) < Xp(G) < x(G) for all graphs 
G. 

The closed neighborhood of a set of vertices U, denoted N[U], is the set of 
vertices with a neighbor in U, together with U itself. For every enumeration 
tr = vi,... ,Vn of the vertices of a graph G, we denote by the sequence 
Xi,..., Xn of sets of vertices of G such that 

Xe = .. .,vt}] \ {vi,.. 

Observe that every vertex Vi of G belongs to Xi, and for ViVj £ E{G) with 
i < j, both Vi and Vj belong to Xi. Furthermore, for Vi £ V(G), if m is the first 
index such that Vi £ 7V[{r;m}], then Vi £ Xj if and only ii m < j < i. So, is 
indeed a path decomposition of G. Let x{Pa) be the chromatic number of P^. 

The following shows that for every graph G, there is an enumeration a of 
V{G) such that xiP^) = Xp(G'). 

Lemma 1.1. IfG has path-chromatic number k, then there is some enumeration 
a ofV{G) such that P^ has chromatic number k. 

We prove this later in this section. Furthermore, the obvious modification 
of a standard dynamic programming algorithm (see Section 3 of [3]) yields a 
0(n4")-time algorithm to test if G has path-chromatic number at most k. 

We write [n] for {1,2, ... ,n}. For a graph G with vertex set V{G), let 
R,n{G) be the graph with vertex set {(i,!") | i £ [m\,v £ V{G) U {pq}} where 
Vo ^ y{G), such that two distinct {i,v) and {i',v') are adjacent if and only if 
one of the following holds: 
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• i = i' and exactly one of v or v' is vq, or 

• i^i', v,v' G V{G) and vv' G E{G). 

For a subset of vertices S, we let (S) denote the subgraph induced by S 
(the underlying graph will always be clear). We also abbreviate x((S')) by 
x(5'). The main theorems of this paper are the following. For an enumeration 
a = vi,... ,Vn oiV{G) with = Xi,X 2 ,. ■. ,X„, we say cr is special if 

• xiPa)= XP{G) and 

• for every \ < i < n with xi^i) = Xp(G), Vi has no neighbor in 

Theorem 1.2. Let n and k be positive integers, with k >2. For every integer 
m > n + k + 2 and every graph G with Xp{G) = k and |F(G)| = n, the path- 
chromatic number of Rm{G) is k if there is a special enumeration of V{G). 
Otherwise, the path-chromatic number of Rm{G) is k -\-l. 

Theorem O does not guarantee that applying Rm always increases path- 
chromatic number. On the other hand, our second theorem shows that applying 
Rm twice always increases path-chromatic number. 

Theorem 1.3. Let G be a graph with xp{G) = k and |F(G)| = n. For all 
integers i and m such that m > n -\- k -\- 2 and I > m{n -|- 1) + /c -|- 3, the 
path-chromatic number of Ri{Rm{G)) is strictly larger than k. 

Theorem 11.21 easily implies the following corollary. 

Corollary 1.4. For every positive integer k, there is an infinite family of k- 
connected graphs G for which xt(,G) xpiG). 

These are the first known examples of graphs with differing tree-chromatic 
and path-chromatic numbers, which settles a question of Seymour [2]. Seymour 
also suspects that there is no function / : N —>• N for which xp{G) < f{XT{G)) 
for all graphs G, but unfortunately our results are not strong enough to derive 
this stronger conclusion. 

Our results also imply that the family of Mycielski graphs have unbounded 
path-chromatic numbers. For k > 2, the k-Mycielski graph Mk, is the graph 
with 3 • 2^“^ — 1 vertices constructed recursively in the following way. M 2 
is a single edge and Mk is obtained from M^-i by adding 3 • 2'^“^ vertices 
w, iti, U 2 , . •., u^.2k-3_i and adding edges wui for all i and UiVj for all i ^ j such 
that ViVj G E{Mk-i) where vi, V 2 , ■ ■ ■, v^.2k-3_i are the vertices of Mk-i- Here 
we say Ui corresponds to Vi. It is easy to show (see m) that for all fc > 2, Mk 
is triangle-free and xi^k) = k. 

Corollary 1.5. For every positive integer c, there exists a positive integer n{c) 
such that the n{c)-Mycielski graph has path-chromatic number larger than c. 

We prove Corollary II.41 and Corollarv ll.Sl in Section[2j We finish this section 
by proving Lemma ll.il 
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Proof of Lemma YLl\ For every path-decomposition {P,B) = Bi, B 2 , ■ ■ ■, Bg of 
G, we prove that there exists an enumeration ct of (G) such that the chromatic 
number of P^ is at most that of (P, B). Let cr = ui, U 2 ,be an enumeration 
of V (G) such that for all u,v €V (G), if the last bag of (P, B) containing u comes 
before the last bag of (P, B) containing v then u comes before v in a. It is easy 
to show that such an enumeration always exists. Let P® = Xi, X 2 , ■ ■ ■, Xn and 
for 1 < i < n, let Bg^^r^ be the last bag of {P,B) containing Vi. It is enough to 
prove that for 1 < * < n, P^(i) contains Xi. 

Suppose Vj € Obviously i ^ j, and since vj G Xi, we obtain i < j. 

Let be the hrst bag of {P,B) containing Vj. Since the bags containing vj 
are consecutive in (P, B), Vj ^ P£(i) and £{i) < £{j), we obtain that £(i) < f{j). 
Let Vk be a neighbour of Vj with k < i. Such a Vk exists since Vj G Xi. Then, 
£{k) < £{i) since k < i, so £{k) < f{j). Therefore, there is no bag of (P, S) 
containing both Vk and Vj because the last bag containing Vk comes before the 
first bag containing vj. But this is a contradiction since VkVj G E{G). Thus, 
Xi C B((^i'j as claimed, and we deduce that the chromatic number of P^ is at 
most that of (P, S). □ 

2 Deriving the Corollaries 

Assuming Theorems 11.21 and 11.31 it is straightforward to derive Corollaries 11.41 
and [T31 which we do in this section. Let Gn denote the n-cycle. 

Lemma 2.1. For all odd integers n > 5 and all integers m > n -\- A, the path- 
chromatic number of RmiGn) is 3. 

Proof Evidently, Xp{B!n) = 2. Hence, by Theorem 11.21 it is enough to show 
that every enumeration a = v\,...,Vn of V{Cn) is not special. Let P^ = 
Xi,X2,...,Xn. 

Let {L,M,R) be the partition of V{Gn) such that for every v G V{Gn), 

• V G L a both neighbors of v come before v in cr, 

• V G R ii both neighbors of v come after v in cr, 

• V G M otherwise. 

Suppose M is not empty and let ve be a vertex of M. Obviously, the chro¬ 
matic number of {Xi) is at least 2 because it contains both vi and a neighbor 
of vi- However, vi has a neighbor appearing before vi in a, so a is not special. 
So, we may assume M is empty. Since L and R are both stable sets, it follows 
that Gn is 2-colorable, a contradiction. This completes the proof. □ 

On the other hand, we also have the following easy lemma. 

Lemma 2.2. For all integers n > 4 and all positive integers m, RmiGn) has 
tree-chromatic number 2. 


4 


Proof. It clearly suffices to show that Rm(Gn) has tree-chromatic number at 
most 2. Let V (C„) = {ui,..., u„} with Vj adjacent to Vj' if and only if \j — j'\ S 
{l,n— 1}. Let the vertex set of be \ i G [m],j G {0}U [n]}. We 

now describe a tree-decomposition {T,B) of Let T be a star with a 

center vertex c and m leaves £(1),... ,£{m). Let 

• Be = I i G [m],j G {2, 3, ..., n}}, 

• = {{s,Vj) I j G {0, l,2,...,n}}U{(z,Uj) | i G [m],j G {2,n}}. 

We claim that {T,B) is a tree-decomposition of Rm{Cn) where B = {Bt \ t G 
V{T)}. For i G [to] and Vj G F(C'„)U{uo}, the vertex {i,Vj) of Rm{Cn) belongs 
to If two distinct vertices (i, vj) and (i', Vf) of Rm(Cn) are adjacent, then 
either i = i' and one of Vj and Vji is wq or * ^ i', j, j' G [n] and \j—j'\ G {1, n—1}. 
If the first case holds, then both vertices belong to -Bf(i). If the second case 
holds, then if either Vj = vi or Vj' = vi then both vertices belong to -Bf(i), and 
if neither vj nor Vjt is vi, then both belong to Be- Lastly, for {i,Vj) G Rm{Cn), 
if Vj ^ {uo,ui} then {i,Vj) belongs to B^, so {t \ {i,Vj) G Bt} automatically 
induces a subtree in T. If Vj is either vq or vi, then only Bk^i-) contains {i,Vj). 
Hence, (T, B) is a tree-decomposition, as claimed. 

The set of vertices (f, Vj) of Be with even j (or odd j) is independent. Hence, 
x{Be) is at most 2. Moreover, for i G [to], both of {(*,u) | v G F(C'„)} (note 
Vo ^ V{Cn)) and \ {(j,u) | v G F(C'„)} are independent, so x{Bi{i)) is 
at most 2. We conclude that {T,B) has chromatic number at most 2. This 
completes the proof. □ 

Proof of Corollary \1.4\ For every odd integer n > 5 and every integer to > n+4, 
Lemma 12.11 and Lemma 12.21 show that the tree-chromatic number and path- 
chromatic number of Rm(Cn) are different. To complete the proof, we prove 
that Rm{Cn) is fc-connected for every n > k and to > n -I- 4. We prove that for 
every set U of vertices of Rm{Cn) of size at most k — 1, Rm{Cn) — U is connected. 
Again, let V(Cn) = {vi,V 2 ,..., w„} with Vj adjacent to Vj' if |j — G {1,n — 1} 
and V{Ryn{Cn)) = \ i G H,J G {0} U [n]}. 

Since to > |[/|, there exists i* G [to] such that no vertex in {{i*,Vj) \ j G 
{0} U [n]} belongs to U. Without loss of generality, i* = 1. We claim that for 
every vertex (z, Vj) of Rm{Cn) — U, there is a path from (1, vo) to (z, Vj). We may 
assume that {i,Vj) ^ (l,z;o). If z = 1, then (1, zzq), (1, Uj) is a path. Hence, we 
may assume that z 7 ^ 1. If Vj 7 ^ vo, then (1, z;o), (1, (*, Vj) is a path, where 

(l,z;n-i-i) = (l,ui). If Vj = Vo, there exists / G [n] such that {i,Vj') ^ U since 
n> \U\. Then (1, uo), (1, Uj'+i), (z, Uj'), (z,zzo) is a path. Therefore, i?,n,(C'„) —17 
is connected. This completes the proof. □ 

Recall that Mk denotes the Ic-Mycielski graph. 

Lemma 2.3. For all positive integers n,m and all integers r > m + n, Mr 
contains RmiM„) as an induced subgraph. 
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Proof. Take a sequence ,Gr of induced subgraphs of where 

Gi is isomorphic to Mi and Gi is an induced subgraph of G^+i for i = n, n + 
1 ,..., r — 1. Let V(Gn) = {v^, vlf, ..., s > n, let l^(Gs) \ 

y(Gs-i) = {wq,?;!, ... ,U 3 , 2 s- 3 _i} where Vq is complete to the other vertices in 
this set and i;® corresponds to r;" for 1 < i < 3 ■ 2"“^ — 1. Then, the graph 
induced by {vf \ n + 1 < x < m + n,0 < y < 3 ■ 2"“^ — 1} is isomorphic to 
Rm{Mn). □ 

Lemma IQ and Theorem 11.31 together imply Corollary 11.51 Thus, it only 
remains to prove Theorems 11.21 and 11.31 which we do in the remaining section. 


3 Proofs of Theorems 11.21 and 11.3 

In this section, we prove Theorem 11.21 and Theorem 11.31 Throughout this 
section, G is a graph with n vertices and Rm{G) has vertex set {(i,n) | 
i € [m],v € V(G) U {no}}. For / C [m] and U C V{G) U {no}, we set 
[/, U] = {(i, v) \ i € I,v € U}. We start with the following lemmas. 

Lemma 3.1. For I C [m] and U C V{G), suppose |/| > x(G). Then there 
exists a map f ■ U [I, U] such that 

• for every v G U, f(v) belongs to [/, {n}], and 

• f is an isomorphism from (U) to {f(U)). 

Furthermore, for all i* € [m] \ / and all v* € V(G) \ U, {[I,U] U {(**,n*)}) 
contains an isomorphic copy of {U U {n*}) as an induced subgraph. 

Proof. Let x(G) = c. Let G = {Ui,U 2 , . ■., Uc) be a partition of U into inde¬ 
pendent sets of G. Take c distinct elements from /, say ii,i 2 , ■ ■ ■ ,*c, and for 
V € U, let /(n) = {is, n) if n G Ug. We claim that / is an isomorphism from (U) 
to ifiU)). 

Let n and n' be distinct vertices in U. If n and v' are adjacent, they are 
contained in distinct classes of G, so /(n) and f{v') are adjacent by the definition 
of Rm{G). If V and n' are non-adjacent, there are no edges between [/, {w}] and 
[/, {z;'}]. Hence, f{v) and f{v') are non-adjacent. Thus, / is an isomorphism 
from (U) to (/([/)). 

For the last part, let i* G [w] \ / and v* G V{G) \ U. Let f* be the map 
obtained from / by adding f*{v*) = {i*,v*). Since i* ^ I, it easily follows that 
f* is an isomorphism from {U U {zz*}) to {f*{U U {u*})). This completes the 
proof. □ 

When considering fc-colorings of a graph, we always use [/c] for the set of 
colors. 

Lemma 3.2. For I C [m] and U C V{G), let x(G) = c. If |/| > c, the 
chromatic number of {[I,U\) is c. Moreover, if\I\ > c, then for every c-coloring 
G of (\I,U]) and every i € I, [{z},t/l uses all c colors of C. In other words, 
G{[{i},U]) = [c] for every iG I. 
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Proof. Let {Ui, C/ 2 ,, Uc) be a partition of U into independent sets of G. Then, 
([/, Ui], [I, C/ 2 ],...,[/, Uc]) is a partition of [/, U] and each set is independent in 
{[/, C/j). Hence, the chromatic number of ([/, C/j) is at most c. On the other 
hand, %([/, C/j) > c follows from Lemma 13.11 Thus, the chromatic number of 
{[/,C/]) is c. 

For the second part, let C : [/, C/j —)• [c] be a c-coloring of {[/, C/]). Fix 
i & I. Since \I\i\ is still greater than or equal to c, we can apply Lemma l3.II to 
[I\i,U]. Let / be a map from U to [I\i,U] as in the statement of Lemma [5TT1 
Let F = f{U), and Cp be the restriction of C on F. As {/(C/)) is not (c — 1)- 
colorable, for each color a G [c], there must be a vertex G U such that 
S Cp^[a) and f(ve^) has a neighbor in Cp^{f3) for every /3 G [c] \ a. 
Then, {i,ve^) also has a neighbor in Cp^{P) for every /3 G [c] \ a, so C{{i,ve^)) 
is a. Hence, [{?}, U] sees all colors, which proves the second part. □ 

Lemma 3.3. For a graph G with path-chromatic number k > 2, let a = 
ui, V 2 , ■ ■ ■ ,Vn be a speeial vertex enumeration of G. Let = ATi, X 2 ,..., Xn- 
For j G [n], if x{Xj) = k then x{Xj \vj) = k-l. 

Proof. It is obvious that xi^j \'Vj) > fc — 1. We may assume that Xj \ vj 7 / 0. 
Let j' be the smallest index such that vj' G Xj \ Vj. Note that j' > j and since 
Vj> is contained in Xj, it has a neighbor in {ui ,... ,Vj}. Hence, by the definition 
of a special vertex enumeration, xi^j') < k — 1. However, by the choice of j', 
Xj \ Vj is a subset of Xji. Thus, xi^j \vj) < k — 1, as required. □ 

For an enumeration a of vertices and a vertex v, let a{< v) denote the set 
of vertices which come before u in cr and a{< v) = a{< v) U {u}. 

Lemma 3.4. Let m > n+1 and p. = (Hj'Cji), (* 2 ,'Ci 2 )j • ■ • > (*m(ri+i)j'*^jm(„+i)) 
be an enumeration of the vertices of Rm{G). Let k be the chromatic number of 
Pfj,^^ . For each v G V{G), let t{v) be the vertex in [[m],{z;}] which comes 
first in /i. Suppose that for all 1 < J < < n, t(vj) comes before t(vji) in 

/i and let a = vi,V 2 ,... ,Vn be the corresponding enumeration of V (G). Let 
pG = Xi,X 2 ,...,X„. Then, 

(1) the chromatic number of P^ is at most k, and 

(2) if x{Xi) = k for some £ G [n], then p{< t{v(,)) contains at most k vertices 
in [[m], {uo}]. 

Proof. For all v G V{G), let f{v) G [m] be such that t(v) = {f{v),v). Let 
pRmiG) ^ For the first statement, it 

suffices to show that for all £ G [n], {Y{f(e),vi)) contains {Xe) as an induced 
subgraph. Let I = [m] \ {/(ui),..., fivi)}. Then, |/| >m — £>n + l — £ = 
1 + (n - /) > \ ve\ > x{Xe \ ve). Moreover, f{ve) ^ L and ve ^ Xi\ Vf. By 

Lemma Em {[I,Xi \ V(\ U {{f (vi), vg)}) contains (Xg) as an induced subgraph. 
Since t{vj) comes before t{vj>) in /i for all 1 < j < j' < n, it follows that 
contains [I,Xg \ U {{f{vg),vg)}, as required. 
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For the second statement, suppose /r(< t{vi)) has exactly r vertices in 
[[to],{z;o}], with r > k 1. By relabeling, we may assume that (i,uo) is in 
/r(< t(vi)) for all i € [r] and that (r, vq) appears last in p. among them. Observe 
that y(r,vo) contains {(r, uq)} U Let C be a fc-coloring of Y(_r,vo)- By 

Lemma 1321 since r > xi^e)y for every fc-coloring of ([[r],^^]), [{r},Xf] sees 
all k colors. Hence C{[{r}, Xf]) = [fc]. But then there is no available color for 
(r, uo), which yields a contradiction. This completes the proof. □ 

We are now ready to prove Theorem 11.21 which we restate for the reader’s 
convenience. 

Theorem 11.21 Let n and k be positive integers, with k > 2. For every integer 
m > n + k + 2 and every graph G with Xp(G) = k and |fo(G)| = n, the path- 
chromatic number of R^iG) is k if there is a special enumeration ofV{G). 
Otherwise, the path-chromatic number of Rm{G) is fc + 1. 

Proof. By Lemma 13.11 Rm{G) contains G as an induced subgraph, so 
Xp{Rm{G)) > xp(G) = k. We break the proof up into a series of claims. 

Claim 1. If the path-chromatic number of Rm{G) is k, then there exists a 
special enumeration of the vertices of G. 

Subproof. Let p. = {ii,Vji), (^ 2 , Vj.^),..., {im{n+i)j'^jm(n+i)) enumeration of 

the vertices of Rm{G) such that has chromatic number k. Let = 

For each v G V{G), let t{v) be the vertex in [[m], {u}] that appears first in p. 
By renaming the vertices in G, we may assume that t{vj) comes before t{vf) in p 
for all 1 < j < j' < n. Let a = vi,V2,... ,Vn be the corresponding enumeration 
of V (G). We claim that cr is a special enumeration of V (G). For each v gV (G), 
let f{v) G [m] be such that t{v) = {f{v),v). By (1) of Lemma [3^ P^ has 
chromatic number at most k. Hence, x{Pa) = Let P® = Xi,X 2 ,..., Xn. 

Suppose a is not special. Then, there exists £ G [n] such that xi^^) = k 
and vi has a neighbor in {vi,V 2 , ■ • ■ ,vi-i}. Let R = {i \ {i,vo) G p{< t{vi))}. 
By (21 of Lemma l3.41 |/n| < k. Let / = [to] \ (Jq U {/(ui),...,/(u^)}). Since 
|/| > m — k — i > n — £-\-2 > \Xi\ > x(X^), it follows that x([/,Xf]) = k and for 
every fc-coloring of {[I,X(\), [{i},X^] sees all colors for every i G I hy Lemma 
o Let (z, v) be the first vertex of [/, X^Ujuo}] that appears in p. Either v = Vq 
or {i,v) is adjacent to (i,vo). In either case, contains U {(z, vq)}. 

Since has chromatic number k, there exists a fc-coloring G of 

Note that G[[{z},X£]] = [fcj. But (i,vo) is complete to [{i},Xi], so there is no 
available color for {i,vo), a contradiction. ■ 

Let a = vi,V 2 ,... be an enumeration of V{G) with x{Pa) — Let p 
be the following enumeration of V{Rm(G)) 


(l,ui),..., (to,ui), ..., ( 1 , , { m , Vn ), ( 1 , vq), ..., (to, Wq). 


Let P, 


Rm(G) 


j P(2,vi) 5 ■ • ■ 5 P(m,vi) j j 5 P(l,vo) 1 ■ ■ ■ 1 P(m,vo) • 
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Claim 2. For all i S [m\ and all j £ [n\, the chromatic number of )) is 

at most xi^j) + 1- 

Subproof. Suppose xi^j) = c and let (Ui, U 2 , ■ ■ ■, Uc) be a partition of Xj into 
independent sets of G. Observe that is a subset of U {uq}], and 

[H,XjU{?;o}] = [H,{uo}]U I [j[[m],Up] 

\p=i 

Each set in the union is independent in Rra{G), thus it follows that xO^{i,v )) ^ 
c+ 1 . ■ 

• R fC?) 

Claim 3. The chromatic number of Pp ' is at most k + 1. 

Subproof. For every i £ [m], is a subset of [[m], {t’o}] which is an indepen¬ 

dent set of Rm{G). Hence, xiX(^i,vo)) ^ 1- By Claim [51 the chromatic number 
of is at most fc -|- 1 for i e [m],j £ [n]. Thus, < fc -|- 1, as 

required. ■ 

Claim 4. If a is special, then Pp has chromatic number k. 

Subproof. Fix i* £ [m] and j* £ {0} U [n]. We will show that x(F(i*,«.,)) < 
k. If j* = 0, then x(^(i*,Wj.)) = 1; so may assume j* ^ 0. By Claim [51 if 
x{Xjt) < k — 1, then x(b"(i*,j;j»)) ^ Hence, we may assume that x(5fj*) = k 
and that Vj* has no neighbor in {vi,V 2 , ■ • ■, by the definition of a special 

enumeration. 

By Lemma lT3l there is a partition ([/^, ; ■ • ■; of Xj- \vj- into 

independent sets of G. For i > i*, (i,Vj-) has no neighbor in /i(< (i*,Vjt)) 
since Vj- has no neighbor in {vi,V 2 ,... ,Vj--i}. So, is contained in 

[[m\,Xj- \ vj- U{uo}]U{(i*,?;j.)}- 

Let G be the map from to [k] defined as 

• for * i*, G{(i,v)) = s for all v £Uf and G{{i,vo)) = k, 

• C'((i*,'!;)) = k for all v £ Xj-, and 

• G((i*,vo)) = k - 1. 

It is easy to see that C is a fc-coloring of Thus, has chromatic 

number k, as required. I 

This last claim completes the entire proof. □ 

We finish the paper by proving Theorem 11.31 

Theorem 11.31 Let G be a graph with xp{G) = k and |F(G)| = n. For all 
integers i and m such that m > n + k + 2 and i > m{n -|- 1) -|- fc -|- 3, the 
path-chromatic number of Ri{Rm{G)) is strictly larger than k. 
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Proof. Since m > n + fc + 2, Theorem 11.21 shows that Rm{G) has chromatic 
number either fc or fc + 1. 

If xp{Rm{G)) = fc + 1, then since i > m{n + 1) + fc + 3 = \V{Rm{G)) \ + 
(fc + 1) + 2, the path chromatic number of Rg{Rm{G)) is either fc + 1 or fc + 2 
which is strictly bigger than fc. So, we may assume that yp(i?m(G)) = fc. 

To prove that xp{Ri{Rm{G))) > xp{Rm{G)), it suffices to show that there 
is no special vertex enumeration of Rm{G) by Theorem 11.21 Towards a con¬ 
tradiction, let = (iijVji), ..., ^ special vertex 

enumeration of Let .. ■, y(i„(„+l),«J^(„^^J)• 

For each vertex vj of G, let t(vj) be the vertex that appears first in fj, among 
[[TO],{uj}]. We may assume that t{vj) comes before t{vj>) in ^ for every 1 < 
j < j' < n. Let f{vj) S [to] be such that t{vj) = {f{vj), vj). Let u = ui,..., 

By (1) of Lemma 13.41 P^ has chromatic number fc. Choose j € [n] such 
that xi^j) = fc- We claim that x(-^j \ = fc — 1. Let Ig = {i € [to] | (i, vg) G 

K< tlvj))} and I = [to]\(/oU{/(ui),/(u 2 ),. .. ,/(uj)}). By (2) of Lemma|01 
|/o| < fc. So, |/| > TO - fc - j > (n - j -h 1) -h 1 > \Xj \ Ujj > xiXj \ Vj). By 
Lemma 13.11 

x([/,Xj \uj]) > xiXj\vj). 

Note that \ t{vj) contains [I,Xj \ Vj\. So, if x0^t(vj)) < k then xi[I,Xj \ 
Uj]) < fc, and if x0^t{vj)) = k then by Lemma [3^ xii^T^j \^i]) < fc as well. In 
either case, 

fc - 1 > x([/,Xj Xujj). 

Combining these inequalities, we obtain fc — 1 > xi^j \ '^j)- Moreover, it is 
obvious that xi^j \ vj)>k — l since x{^j) = k. Therefore, xi^j \ Pj) = k — 1. 

Again, as |/| > xi^j \ it follows that for every (fc — l)-coloring of 
([/, Xj \ Vj]), and every i G I, [{i}, Xj \ Vj] sees all fc — 1 colors by Lemma 

Let {i, v) be the first vertex of [/, Xj U {uo}] that appears in /r. Observe that 
contains [/, Xj \ Vj] U {(*, vg)}. For every (fc — l)-coloring of ([/, Xj \ Uj]), 
[{i}, Xj\vj] sees all fc—1 colors, so ([/, Xj \ Vj] U {{i, uo)}) is not (fc —l)-colorable 
since (i,wo) is complete to [{i},Xj \ Vj]. Thus, \ O'] tJ {(b^o)}) = k, 

and so xO^{i,v)) = k. Since /i is special, (*,u) has no neighbor in /i(< {i,v)). So, 
V is either vg or Vj. 

By Lemma 1331 \ ihv) is (fc — l)-colorable. If u = uq then F(j „) \ 

{i,v) contains [I,Xj]. By Lemma I3 t 1 ([/,Aj]) contains (Xj) as an induced 
subgraph, contradicting that (Y(i^v) \ {fp)) is (fc — l)-colorable. If u = Vj then 
\ ifp) contains [I,Xj \ Vj] U {(i,uo)}. Again, the chromatic number of 
{[I, Xj \ Vj] U {(i,uo)}) is fc, a contradiction. 

Therefore, /r is not special. This completes the proof. □ 
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